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Abstract: We calculate a'^-corrections to the entropy of the 5-dimensional 3-charge and 
the 4-dimensionaI 4-charge large extremal black holes using the low energy effective action 
of the heterotic string theory. In the 4-dimensional case, our results are in agreement with 
the microscopic statistical entropy both for the BPS and the non-BPS black holes. In the 
more interesting 5-dimensional case, where the direct microscopic stringy description is still 
unknown, our results for the BPS black holes are in agreement with the results obtained 
from the action supplemented with i?^-correction obtained by supersymmetric completion 
of the gravitational Chern-Simons term. This agreement does not extend to the non-BPS 
black holes, for which we propose a different expression for the entropy. We show that the 
new expression is supported by certain a'^-order calculations, and by the arguments based 
on the AdS/CFT correspondence. 
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1. Introduction: Motivation and results 

Studies of stringy a'-corrections to the entropy of black holes have played an important 
role in recent years. On one hand, conjectures on microscopic descriptions of black holes 
as some multiplets of states in string theory were directly tested. On the other hand, these 
studies improved our understanding of some concepts, such as the attractor mechanism, 
the AdSz/CFT2 conjecture and dimensional lifts, while also uncovering some interesting 
relations between black holes and topological strings. Recent reviews of these developments 
can be found in [1, 2, 3, 4, 5, 6]. 

In this paper we shall deal with two of the simplest cases in their respective dimensions 
- extremal spherically symmetric large black holes of the heterotic string theory, either with 
three charges in five dimensions, or with four charges in four dimensions. 

Let us first recapitulate the situation for 4-dimensional 4-charge black holes present 
in the heterotic string theory compactified on K3 x x or x 5^ x background 
with N Kaluza-Klein and W iJ-monopoles wound around the circle . If we focus on the 
states with non- vanishing momentum number n and winding number w on the circle S*^, 
for some choices of relative signs of the charges (e.g., n,w, N,W , all positive) these states 
are BPS. It is possible to calculate the statistical entropy, i.e. the number of such states in 
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the limit of small string coupling constant gg (free string limit), which for nw S> 1 is given 

by^ [7, 8, 9] 

siZr^ = 27r^nw{NW + A), n>0. (1.1) 
For n < the corresponding states are non-BPS with the statistical entropy given by 

5^7^^^) = 27rVH^(W + 2) , n < . (1.2) 

Note that (1.1) and (1.2) are exact in a'. Now, when one increases Qs, it has been argued 
that at some point these states become black holes. While in this regime string theory 
becomes highly nonperturbative, it is expected that one can use low energy effective action 
(at least for large black holes). Indeed, in the lowest order in a', the solutions which describe 
extremal black holes with the two electric (n and w) and the two magnetic charges {N and 
W) were explicitly constructed [10]. The near- horizon effective string coupling constant is 
proportional to l/jn-zi;!, which means that one can neglect string loops for nw ^ 1. Also, 
the expansion in a' is equivalent to the expansion in 1/|A^VF|. The Bekenstein-Hawking 
entropy is S'fj/j^o) = 2n^y\nwNW\, in agreement with (1.1) and (1.2). The a'-corrections 
to the entropies were calculated in [11], with the results again in agreement with (1.1) and 
(1.2). 

Surprising results were obtained when the following two types of i?^-corrections in the 
effective action were taken: (i) the supcrsymmetrized gravitational Chern-Simons term 
[12], (ii) the Gauss-Bonnet term [13]. Both of these actions give the black hole entropy in 
the BPS case in the exact agreement with the statistical entropy (1.1), while they do not 
reproduce (1.2) in the non-BPS case. These results are surprising because the full effective 
action contains an infinite number of additional terms, for which there is no obvious reason 
to produce a canceling contribution. Using AdS^-hased arguments, in [14, 15] it was shown 
that only effective 3-dimensional gravitational Chern-Simons terms are important for the 
calculation of the black hole entropy, and that in this way one indeed obtains exactly (1.1) 
and (1.2). This gives a partial explanation for the success of the action with correction (i) 
(it is not clear why it is not working for non-BPS black holes), but the success of the pure 
Gauss-Bonnet correction remains a mystery. Let us mention that (1.1) was also obtained 
from topological string partition function by using the OSV conjecture [16]. 

One way to acquire a better understanding of what is happening is to analyze in the 
same fashion higher dimensional extremal black holes. It is known that in five dimensions 
there are simple 3-charge BPS black hole solutions of the lowest order (in a' and gs) effective 
heterotic SUGRA action, which are the obvious candidates. However, we face several 
problems here. On the string side, it is still not known how to calculate the statistical 
entropy. Also, it is still unknown how to extend the AdS^-hased arguments to this case. 
On the effective supergravity side, supersymmetrization of the 5-dimensional gravitational 
Chern-Simons term was constructed only recently in [17]. It was shown in [18, 19, 20] that 
the action with such i?^-correction (type (i)) has extremal 3-charge black hole solutions 

^For the sake of clarity we restrict ourselves to the case w > 0, NW > (generalization to other choices 
of signs is trivial) . 
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with the entropy in the BPS case given by 

S^^^^^ = 2Try^nw{m + 3), n,w > 0, m>0 (1.3) 
while in the non-BPS case we obtain [20] 



^^n BPS) ^ 27ry|n|it; + 0, n<0,w,m>0. (1.4) 

Here n, w, m are integers, with n and w playing the role of electric charges and m is the 
magnetic charge of the 3-form field strength (again, for clarity, we restricted ourselves to 

w,m > 0). 

In the case of the pure Gauss-Bonnet i?^-correction (type (ii)) one obtains a more 
complicated result for the black hole entropy [20], which has the following expansion in 
1/m (i.e., in a') 

Shh = 27^^/\^\ (l + - -A- + O {m-^)] . (1.5) 

Comparison of (1.3) and (1.4) with (1.5) obviously shows that in five dimensions actions 
with the i?^-corrections of type (i) and (ii) give different results for the black hole entropy, 
which start to differ at the order a'^ for the BPS black holes (and already at the order a' for 
the non-BPS). It is still unclear, which one, if any, would be expected to agree with the (still 
unknown) statistical entropy of string states. Let us mention that it was eventually shown 
[21] (after some initial confusion), that for the BPS black holes it is the supersymmetric 
result (1.3) which agrees with the prediction of the OSV conjecture (properly lifted from 
D = 4 to L» = 5). 

However, a strange thing happens when one considers small black holes, which have 
m = 0. In this case, on the microscopic (string) side, the corresponding states are simple 
perturbative states, known as the Dabholkar-Harvey states, for which the statistical entropy 
in the BPS case is given by [22, 23] 

sifr^=A7rV^, n>Q, (1.6) 

and in the non-BPS case by 

= 2V2nVH^ , n < . (1.7) 

This is obviously different from (1.3) when m = 0. Interestingly, the action with the 
Gauss-Bonnet correction gives in this case 

'5ir^^=47r^^, (1.8) 

which agrees with the statistical entropy in the BPS case (1.6). So, one truncated action 
appears to work for large black holes, and the other one for small black holes. Let us 
mention that this situation was shown to happen for a class of black holes. In [23, 20] it 
was shown that this generalizes to a larger class of small 5-dimensional black holes, and 
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also that the success of the Gauss-Bonnet action for small black holes can be extended to 
D > 5 hy including higher extended Gauss-Bonnet densities [24]. 

In view of all this, we committed ourselves to perturbatively calculate the entropy of 
the large 5-dimensional 3-charge extremal black holes up to the a'^-order using low energy 
effective action of the heterotic string (which is unambiguously known only up to the a'^- 
order). The main virtue is that this is a straightforward calculation giving unambiguous 
results for corrections to the black hole entropy, which can be eventually compared with 
the microscopic ones. Our result for the entropy of the BPS black holes is 

<s(f = 27rvW^ + 2^ - 8^ + ^ ' ri,w,m>0, (1.9) 

which is in agreement with the supersymmetric result, i.e., with (1.3) expanded in 1/m. 
For the non-BPS black holes wc obtain for the entropy 

^in-BPS) ^ 27r^Hk^ (^1 + _L _ _1_ + o (^-3)^ , n<0,w,m>0, (1.10) 

which obviously disagrees with both SUSY (1.4) and Gauss-Bonnet (1.5) results already 
at a'^-order. Instead, our result (1.10) suggests the following formula 

^in-BPS) ^ 27r^/\n\w{m+l). (1.11) 

Furthermore, if we take the BPS formula (1.3) for granted, then we are able to show that 
a'^ term in the non-BPS entropy formula (1-10) must be l/(16m^), which is again in 
agreement with the conjectured expression (1.11). Now, using AdS/CFT arguments, from 
(1.9) and (1.10) one infers that central charges satisfy cl — cr = 12w, which is indeed what 

is expected [25]. 

The rest of the paper goes as follows. In section 2 we start from the a'-corrected low 
energy effective action of heterotic string in D = 6 and analyze further compactifications 
on one or two circles S^. In section 3 we review Sen's entropy function formalism and 
write perturbative expansions in a'. Section 4 is the central part of the paper in which we 
present the results for the entropies of the 5-dimensional 3-charge extremal black holes up 
to a'^-ordcr. In section 5 we do the same for the 4-dimcnsional 4-charge black holes, which 
is an extension of the results from [11] to order a'^. Our results agree with the microscopic 
entropy formulas both for the BPS and non-BPS black holes. In appendix A we exhibit the 
relations between the charges which appear in section 4 with the standard ones. In appendix 
B we present explicit expressions for the a'-corrections of the near- horizon solutions. In 
appendix C we analyze the contributions of ct'^-terms from the effective action and outline 
the proofs for the properties we use in sections 3 and 4. 



2. D — 6 heterotic effective action 

We consider the heterotic string compactified on a (or K3) manifold. There is a con- 
sistent truncation in which the bosonic part of the 6-dimensional low energy effective La- 
grangian is a function of the string metric G^^j^^, Riemann tensor R^^j^pn, dilaton 
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3-form H^jj^p and the covariant derivatives of these fields. H^mnp ^ gauge field 
strength given by 

^^MNP — ^mB'Pp + dNBp\j + dpB^^j^ — 3a'fl^^]^p . (2.1) 

The last term, ^jjj^p, known as the gravitational Chern-Simons 3-form, is a function of 
connection and it introduces terms in the action which are not manifestly diffeomorphism 
invariant.^ 

It was shown in [11] that, by introducing an additional 3-form K^^^ = dC^^\ the theory 
can be put in a classically equivalent form with the Lagrangian given by 

3a' MNPQRS jAfi) o(6) /r,r,N 

(247r)2 ^MNP^^QRS ■> v^-^i 

where now Hjjj^p should not be treated as a gauge strength but as an auxiliary 3-form. Im- 
portance of this transformation is that the problematic Chern-Simons term is now isolated 
in a way which will allow us to turn it into a manifestly covariant form in the backgrounds 
we are going to consider. 

The 6-dimensional effective Lagrangian has an infinite expansion in a' 



>C(«)=E4'^ (2-3) 



n=0 



where the two lowest terms, in a suitable field redefinition scheme [26], and using the 
conventions from [11],^ are 



^° "32^'^ 

^(6) ^ J_ g-2$(6) 

^ 167r 



MNP 



(2.4) 



p(6) jj{6)KLMN __ 1 p{6) tt{6)KL tt{<o)PMN 

. (2.5) 



~gK ^LMN^ ^PQ + l^J^KLM^PQ ^ 



Our goal is to calculate the a'^ correction to the entropy, for which one would expect 
that we need C^2^ . It is known that in some schemes (e.g., manifestly supersymmetric) the 
bosonic part of C^2^ vanishes, but also that field redefinitions generally introduce such terms 
[27]. One example is presented in [28] where the ct'^-tcrms have been explicitly calculated, 
but only up to 4-point. A possible way to obtain all terms in the scheme we use would 



^We note that in Ref. [11] there is a wrong sign in Eq. (3.24) (which propagates to (3.31), (3.33), (3.34) 
and (3.36)). This error gets compensated by another one, a wrong sign in (3.39), which makes the final 
expression (3.40) again correct. 

^Which means that a' = 16, Newton's constant Ge = 2, and that the antisymmetric tensor density 

^MNPQRS ^ ^gg^g^ ^012345 ^ ^ 
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be to start with the manifestly supersymmetric scheme and extend the analysis of [27] to 
the a'^-order. Fortunately, this long and tedious calculation is not necessary. As we shall 
explain at the end of Section 3 (and, in more detail, in appendix C), the contribution of 
to the a'^ -corrections of the entropies for the black holes that we analyze in this paper 
vanishes. 

Our interest are black holes in D = 5 and D = A dimensions, so we consider further 
compactification on 6 — D circles . Using the standard Kaluza-Klein compactification 
we obtain D-dimensional fields G^i,, C^i,, Gmn, Cmn and A^'^ (0 < < D — 1, 
r> < m, n < 5, 1 < i < 2(6 - D)): 



Gmn 


^ mn 


Pimn /Pi—l\mn Pi 
, Lt — \Ij ) , L/mn 


= c(6) 








-D+1) ^ 


^ Pmm 4(m-2D+7) _ 


1^(6) - 
2 m/Li 




-D+1) 


Gf^u 


= - 


- (7"^™r7(6) (7(6) 








Gfxu 


= (7(6) - 


- AC 4("^--^+i) /4("--°+i) - 


■2(4- 


-D+l)^(m- 


-2D+7) 



$ = $(6)_ ^inVe.ij, (2.6) 

There is also (now auxiliary) field H^^j^p which produces D-dimcnsional fields H^^p, Hp,y„n 
H^mn and Hmnp- As the 3-form H will respect the same symmetries as to simplify the 
formulae we shall not write it explicitly but only introduce it when necessary. 

As in [11], we take for the circle coordinates < < 27r\/a' = Stt, so that the volume 
Vq-d is 

V6-D = (87r)6-^VG. (2.7) 
The gauge invariant field strengths associated with A^^ and C^i, are 

F« = d^A^ - d,A^ , 1 < i, j < 2(6 - Z?) , (2.8) 

Kij,vp = {dfj,C„p + iA'^^^ LijF^f^ + cyclic permutations of fi, v, p, (2.9) 

where 

L=(' W (2-10) 



J6-D , 

Iq-d being a (6 — -D)-dimensional identity matrix. 

For the black holes we are going to be interested in, we shall have^ 

4)l,,f(^; = . (2.11) 

Normally, the next step would be to perform the Kaluza-Klein reduction on the 6-di- 
mensional action to obtain a D-dimensional low energy effective action, which can be quite 
complicated. In [11] a simpler procedure is suggested - one goes to D dimensions just to 
use the symmetries of the action to construct an ansatz for the background {AdS2 x S^~^ 
in our case) and then performs an uplift to 6 dimensions (by inverting (2.6)) where the 
action is simpler and calculations are easier. We shall follow this logic here. 

''This means that the second duaUzation in [11] (see Eq. (2.16) there), which introduces the scalar b, is 

not necessary. 
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3. Entropy function and its expansion 



We are interested in the near-horizon behavior of the D-dimensional rotationally invariant 
extremal black holes. We expect that the metric is AdS2 x S^~'^, which has SO{2, 1) x 
SO{D — 1) as an isometry group, and that the whole background respects this symmetry 
manifestly (note that the Chern-Simons terms are not manifestly symmetric, so they have to 
be additionally manipulated). In this case one can apply Sen's entropy function formalism 
[29, 30]. 

The background consists of the metric g^^, scalars (f)s, two-forms , and (D — 2)-form 
Hjn- It follows from the symmetries that 

ds"^ = vi ( -r^dt^ + ^ ) + ^2 dnl,_2 



(t)s = Us , s = l,...,ns 
Frt = f\ i = l,...,nF 

Hm = hm^s m = l,...,nH (3.1) 

where vi^2, Ug, and hm are constants, and es is an induced volume- form on unit S^~^. 
For (Hm), which are the gauge field strengths, = (g^ = hm) are the electric fields 
(magnetic charges). 

The near-horizon properties can be obtained from the entropy function 

£ = 2Tr {qj -f) , (3.2) 

where qi are electric charges, and 

/ = / V^C. (3.3) 

If by {ipa} we denote the set of the unknowns in (3.1) (excluding the electric and the 
magnetic charges), then the solutions of equations of motion, which we denote by {(pa}, 
are obtained by extremization of the entropy function 







(3.4) 



The value of the entropy function at the extremum is equal to Wald's definition [31] of the 
black hole entropy^ 

S = S{(p) . (3.5) 

In this paper we are interested in the a'-corrections, so we need expansions such as 
(2.3). Generally, if the Lagrangian has expansion in some parameter a, the same is true 
for the respective entropy function 

oo 

£{^) = ^a^£ni^). (3.6) 

n=0 



^In [32] Wald formula was extended to actions containing the gravitational Chern-Simons terms. 



-7- 



The regular solutions can also be expanded in the same manner 

oo 

(^ = ^a"(^,. (3.7) 



n=0 

Putting (3.6) and (3.7) in (3.4) we obtain: 







£o,a (3.8) 



ip=ipo 
ab ; 



dip" 

= -^r^ifi (3.9) 

= -^o'"'' Q^o,6cd<^i V/ + Sific^i" + £2,^ (3.10) 



Indices ,ab... denote derivatives, and the bar over the function means that it is evaluated 
on the 0*''-order solution ipQ. For example, 



c-l,a6 = 



(3.11) 



Also, Eq"''^ denotes the matrix inverse of £o,ab- 
Finally, we expand the black hole entropy 

00 

56ft = Xl«"'5„. (3.12) 

n=0 

Prom (3.5)-(3.10) it follows 

50 = £0 (3.13) 

51 = £1 (3.14) 

52 = yi,a^i'' + £2 (3.15) 

53 = ^^O.abc^lVl*''^!" + ^^l,ab<^l"<p/ + ^2,a<^l" + £3 (3.16) 



In our calculations wc shall take for the expansion parameter a = a' /16 = 1. 

Our goal is to calculate the entropy up to a'^-order, and from (3.15) it may appear 
that we need the precise form of £3 • appendix C wc show that from the field content 
of the effective action, manifest diffeomorphism invariance of £2'^ , and the symmetries of 
the 0*'* order solutions (geometry locally isomorphic to AdSa x S^) follows that 

£2 = 0. (3.17) 

In the same way, we have also shown that the last two terms in (3.16) depend only on the 
absolute values of the charges (and not on their signs). This will allow us to make some 
conclusions on the a'^-corrections. 
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4. 3-chcLrge black holes in D = 5 



Here we consider the 5-dimensional spherically symmetric 3-charge extremal black holes 
which appear in the heterotic string theory compactified on X (or K5 x S^). One 
can obtain an effective 5-dimcnsional theory by putting I? = 5 in (2.6) and taking as non- 
vanishing only the following fields: string metric Gf^u, dilaton <I>, modulus T = (Gss)^/^, 
gauge fields A^*'* (0 < /Li, < 4, 1 < i < 2), and the 3-form strength K^up. For extremal 
black holes we expect AdS-2 x near-horizon geometry (3.1) which in the present case is 
given by: 



ds^ = G^iydx^dx" = vi ( -r'^dt'^ + — ) + V2dn3 , 



i'rt - ei, t^i. - — , A234 - ^V93 , 

S = e-'^^=us, T = UT. (4.1) 

Here gz is a determinant of the metric on the unit 3-sphere (with coordinates x*, 
z = 2,3,4). 

We now wish to calculate the entropy function up to second order in a' . First one 
makes an uplift of (4.1) to six dimensions using (2.6). One gets 

dsl = G%\dx^dx^ = ds'^ + {dx^ + 2eirdtf , 

j^(6) 62 (6) P /— 

Kiri = y , ^234 = K2^A = ^^93, 



3/2 ' 3/2 ' 

V1V2 us V1V2' 

^_2*(a) ^ JU^ ^4 2) 

Here f2, us, ut, ei, 62, /i and h2 are unknown variables whose solution is to be found 
by extremizing the entropy function. Normalization for H is taken such that the 0*'*-order 
solution gives 

^20 = 620 , ho=p. (4.3) 

To calculate the a' corrections to the entropy we follow steps described in section 3. In 
0*'*-order we have 



27r 



giei + 5262 - J dxVdxV (^V^CP + p^6^^^««^<}vpi/, 



(6) 
QRS 



where Cq is given in (2.4). Putting (4.2) in (4.4) we obtain 



(4.4) 



So = 2tt 



TT 3/2 f 2 6 2tx|,ef 32^2(262-/12) 

i/2<^2 — " ' ' 

8u'^h{2p- h)' 



qiei + 5262 - -rzViV2 ug [ 1 1 5 ' 

16 V ^2 V{ Vf Ug 



vl 4 



(4.5) 
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We separate contributions from the l^*-order in two parts 

S^ = S[+S'{, (4.6) 

The first contribution is 

S[ = -27r j dx^dx^dxUxW-G^^^cf^ , (4.7) 
where cf^ is given by (2.5). Putting (4.2) in (4.7) we obtain 

c' o 2 3/2 

Ci = — ZTT V1V2 US 



2^ ^ 2^ " ^ " 

44/i2g2 40m4/i4 48 /i2 640 /i4 



1 ?, 1 fi4 22 44 



(4.8) 



The second contribution in (4.6) comes from the Chern-Simons term 

£'{ = -^j dx^dx'^dx'^dx-^e^^^^^Q^^i^Sivpfigi^ . (4.9) 

As aheady mentioned, this part is not manifestly covariant, so we cannot straightforwardly 
plug (4.2) in (4.9). Fortunately, our 6-dimensional background is of the type for which one 
can apply the strategy used in [11]. 

Notice that the expression for the entropy function, like (4.9) has the form of some 
effective 2-dimensionaI action in (t, r) space. The idea is to find the covariant form of (4.9) 
in this 2-dimensional space. We restrict ourselves to the backgrounds which are obtained 
by Kaluza-Klein compactification on S"^ x S"^, but beside this for the moment we have no 
other restrictions ((4.2) obviously belongs to this class). 

Next, notice that the background (4.2) has a form of a product of two 3-dimensional 
backgrounds, the first one is on (t, r, x^) space and the second one on (x^, x^, x^) space (i.e., 
S^). We now make further truncation^ by considering only configurations which respect 
this product structure, for which (4.9) simplifies to 

where {a, 6, c} = {t, r, 5} and {i, j, k} = {2, 3, 4}, and the convention for the antisymmetric 
tensor densities is 

In three dimensions it is known [33, 34] that for the metrics of the form 

ds^ = (l>{x) [gmn{x)dx"'dx'' + {dy + 2Amix)dx"'f'j , (4.12) 
where < m, n < 1, we have (modulo total derivative terms) 

= ^e"^" [R^'^^Fmn + 9^' " F^m' Fp> F,^] , (4.13) 



^It is generally expected that such truncation is consistent. 
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where F^n = dm An — dnAm, e™" is antisymmetric with e''"'^ = 1, and R^'^^ is a Ricci scalar 
obtained from g„in- (4.13) gives us the desired manifestly covariant form (in the reduced 
2-dimensional space) for the Chern-Simons term. 

Now we just have to use (4.13) in (4.10). For {t,r,x^) subspace by comparing (4.2) 
with (4.12) we obtain 

gmn{x)dx'^dx'' = ^ (-r'^df + Ao{x) = eir, (l){x)=ul. (4.14) 



Using this in (4.13) we get 



,<^^c^£)=2^e,-4^e?. (4.15) 



For the 3-sphere the Chern-Simons term vanishes 



ijk 

Using (4.15), (4.16) and (4.2) in (4.10) we obtain 

,2 



e^^'^^S = 0. (4.16) 



E'l = -Sn^p ( - . (4.17) 

V ^1 n J 

We now have all the ingredients to calculate the a'^-corrections to the entropy. We 
just take (4.5), (4.6), (4.8), (4.17) and (3.17), and put them into (3.8)-(3.9) to get the 
solutions, and into (3.13)-(3.15) to get the entropy. First of all, we need the 0*'*-order 
solutions. Using (4.5) in (3.8) we obtain 



V20 = 4^10 = — , Uso = T^\/87r|gipl , uto 









p 


ho 


= p 



eio = -^V 1 2^192^1 , 620 = /i20 = ■^V|2gig2p| , ho=p. (4.18) 
oqi oq2 

Using this in (3.13) we obtain for the black hole entropy in the lowest order 



So = ^VWM- (4.19) 

To make comparison with the results from the literature, we need to express the charges 
(QItQ2,'P) in terms of the integer- valued charges {n,w,m) appearing in string/M-theory. 
The fastest way to achieve this is to compare (4.18) with a solution obtained from the stan- 
dard effective action for which this correspondence is known. This is done in appendix A 
and the result is 

Tl W 

91 = 77 > 92 = -167rm , p = . (4.20) 

2 TT 

Using this in (4.19) we obtain 



So = 27r ^/\mvm\, (4.21) 
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which is a well known result. Putting (4.20) into (4.18) we obtain 



^/\rVw\ 

V20 = 41110 = 16 m , Uso = ——. — |- , uto 

07r|m| 



/ 


n 




w 



~ 1 A r ~ y^\nwm\ w 

eio = -\/\nwm\ , 620 = /i20 = , ho = . (4.22) 

From (4.22) we get the following conclusions. First, to have a small near-horizon 
effective string coupling g"^ = 1/us, one requires n^w ^ m. In this regime one can ignore 
the string loop corrections and use the tree level effective action. Second, the Ricci scalar 
R and the field strengths -F^ and are proportional to 1/m, which means that the a' 
expansion is effectively an expansion in 1/m. 

The rest of the procedure is straightforward. As the corrections depend on the relative 
signs of charges, we present solutions for two representative cases: 

• n,i(;,m > (BPS solutions), 

• n < 0, w,m > (non-BPS solutions). 

The near-horizon solutions up to a'^-order are presented in appendix B. For the entropies 
we obtain (up to a'^-order): 

5^^^^) = 27rVm«m (l + ^ - ^ + O (m"^)^ , n, lu, m > (4.23) 

^(n-BP5) ^ 27rv1^ (^+2^-8^ + ^ ' " < 0' ^' > (^-24) 

Comparison with (1.3) makes it obvious that for the BPS black holes our result (4.23) is 
in agreement with the result obtained from the supersymmetric i?^-correctcd action (and 
in disagreement with the Gauss-Bonnet result (1.5)). For the non-BPS black holes our 
result (4.24) disagrees already at a'-order with the results based on either SUSY (1.4) or 
Gauss-Bonnet (1.5) i?^-corrections. 

Observe that (4.24) suggests the following formula 

^bh~^^^^ = 2'K^\n\w{m + l) n < 0, u;, m > . (4.25) 

This is further supported by the following higher-order arguments. 

Using (3.16) we can calculate the a'^-corrections of the entropy, with the result 

571 1 

4^^^^ = 27r — ^ + ^2,a<^i" + ^3 , n, m, u; > (4.26) 

16 m,'^ 

g{n-BPS) ^ 2^T^/\n\wm li.a'fx +^3, n<0, u;,m>0. (4.27) 

16 rrv' 

To calculate E^^a and 1S3 one needs the precise knowledge of a'^ and a'"^ (^^) parts of the 
effective heterotic action, which is unknown. But, as we explain in appendix C, it can be 
shown that ^2 a<^i" and Ej, do not depend on sign assignments for the charges. This means 
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that the last two terms in (4.26) and (4.27) are equal. Now, if the BPS entropy formula 
(1.3) is correct (at least up to 3'''^-order) , from (4.26) we obtain 



^2,a<^i" + ^3 = -2TT^/\n\wm . (4.28) 

16 m"^ 



Using this in (4.27) gives us 

^ 27r^Hk^i^ A , (4.29) 
16 m-^ 

which is again in agreement with (4.25). 

One can extend this argument to all orders using AdSs argumentation. The AdS/CFT 
conjecture says that the black hole entropy is equal to the microcanonical entropy of the 
boundary 2D CFT, which is given by the Cardy formula [35]. In our case one obtains 



S}jpt' =2'itJ— n>0 



^{n-BPS) r, CRn\ 
^CFT ~ — :^ — n < 



6 



where cl {cr) is the central charge of the left (right) Virasoro algebra. In [25] it was shown 
that in our case one expects cl — cr = 12w. This is exactly what follows from (1.3) and 
(4.25). In summary, this argument shows that if (1.3) is correct (and there are reasons, 
explained in the introduction, to believe that it is), then (4.25) is also correct. Our explicit 
perturbative calculation then reinforces a belief that both (1.3) and (4.25) are correct. 

5. 4-chcirge black holes in D = 4 

Here we consider the 4-dimensional 4-charge extremal black holes appearing in the heterotic 
string theory compactified on x S-*^ x (or K3 x x S^). One can obtain an effective 
4-dimensional theory by putting D = 4 in (2.6) and taking as non-vanishing only the 
following fields: string metric G/j^i,, dilaton moduli Ti = (6^44)^/^ and T2 = (655)^/^, 
and the gauge fields A^*^ (0 < ij.,^ < 3, 1 < i < 4). The black hole is charged purely 
electrically with respect to A^}^ and A^n^ , and purely magnetically with respect to A^^^ and 
Aj^ . Again, for extremal black holes one expects AdS2 x S"^ near-horizon geometry (3.1) 
which in the present case is given by: 

ds'^ = G^^dx^dx" = VI f -r^dt"^ + ) + '"^(^^^ + ^^^^ ^^ct)"^) ' 
e~^* = us, Ti=ui, T2 = U2 

Kt -ei, i^t -Jq^ Pe<t> - ^^^"^^^ ^^~64^ ^ ' 

One proceeds in the similar fashion as in section 4. As basically all the building blocks 
were given in [11, 36] (where only a'-correction to the entropy was calculated), we shall 
just state the results. In this case the a' expansion is an expansion in 1/NW. For clarity 
we again take two representative cases: 
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• n,w,N,W>0 (BPS), 

• n < 0, w;, A^, > (non-BPS). 

The near-horizon solutions are presented in appendix B. 
We obtain for the entropy up to a'^ -order 

We see that the results agree with the microscopic entropies (1.1) and (1.2). 

We mention that the arguments considering a'^ and higher order corrections (presented 
at the end of section 4) can be repeated here. 
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A. Identification of cliarges 



We start from the 5-dimensional effective Lagrangian of the heterotic string compactified 
on X 



-2<S> 



R + A{d^) 



J<2 



^2 (-^Mi'p) 



^2 / ^(1)^ _ J_ ( ^(2)^ 



(A.l) 



We take the AdS2 x ansatz for the background 



dr^ 



pW _ ^(2) _ 

e = US , 1 = Ut ■ 



+ V2d^z , 



H2U = Pa/53 , 



(A.2) 



The entropy function is given by 



Sn = 27r 



3/2 



qiei + 0^262 - T7:'"l'"2 ^5 \- 



16 



6 



2 2u^el 



V2 V\ 



2vl 



(A.3) 



The solutions are 



V2Q = 4^10 = — , 



uso 



■k\p\ 



UTO 



eiO = , i V\(llQ2P\ , 620 = ^ i Vkig2p| , 
4V 2 qi 4V2 q2 



(A.4) 
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while the entropy is 



So = ^V2\qmp\- (A.5) 

It is known (see e.g., [13, 24, 20]) that the relation with the integer- valued charges 
{n, w, m) of the string theory is given by 

2n n 2w w « / or> 

qi = —= = -, q2 = —= = —, p = 2am = S2m, (A.6) 
vit' ^ \/n' ^ 



where we used the convention a' = 16. Using this in (A.4) we obtain for the solutions 



V20 = 4z;io = 16 m , uso = — r ' "to 



eio = -\/\nwm\ , 620 = —\/\nwm\ , (A. 7) 

n w 

and for the entropy a well-known result 

So = 2nyA nwm\ . (A. 8) 

Now, by comparing the expressions for vio, uso and uto in (A. 7) and (4.18) one immediately 
obtains (4.20) up to signs. To get the correct signs one has to compare the expressions for 

the field strengths. 

First notice that the gauge field ^(1) was not involved in transformations made in 
section 2, so ei = ei and 

91 = gi = 2 ' (^-9) 

where we used (A.6). From (A. 2) and (A.4) we get 

H''' = , (A.10) 

while from (4.2) and (4.18) we get 

^234 ^ ^(6)234 ^ _ . (A.H) 

By comparing the two results and using (A.6) we obtain 

q2 = ~p = -167rm . (A. 12) 

In a similar fashion, by studying H^^^ we finally obtain 

P=--q2 = --, (A.13) 

TT TT 

which completes the identification (4.20). 
B. Near- horizon solutions 

Here we present explicitly a'-corrections of the near-horizon solutions of the extremal black 
holes analyzed in the paper. They are obtained from (3.7)-(3.9). 
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B.l D = 5 3-charge extremal black holes 

For n,w,m > (BPS case): 

■ui = 4m (1 + 0(m"^)) 

/ 2 _2, 

V2 = 16m 1 H h 0(m 

\ m 



ei = —\/nwm { 1 + h 0(m ) 

n \ 2m 

^fl-^ + Ofm-2^ 



62 = 1 h 0(m~ 

327rm 1 2m ^ 



w 



h= 1 + — + 0(m~^) 

vr V m 



Jnwm A 11 ^, n. 



327rm \ 2m 
while for ra < 0, u;, m > (non-BPS case): 

f 12 

= 4m ( 1 2 + 0{m~'^) 



2 



^2 = 16m IH h Oim"'^) 

' m 



us = \ 1 - 7i ^ 0{m 



Sttiti \ 2m 

\n\ / 1 ^/ - 

ItT = \/ — 1 — -z h (J[m 

\ w \ 2m 

ei = — \/|n|w;m f 1 H — ^ — h 0(m~'^) 
n \ 2m 



fc = _5:('l + l + 0(m-=) 
TT \ m 

VHwm ( 9 _2^ 



B.2 D = 4, 4-charge extremal black holes 

For n,w,N,W >Q (BPS case): 

1 



= mw { 1 + ^ + o((w)-2) 



V2 = 4JVH' (i + + o((Jvvr)-2)) 

ei = -VnwNW (l + + 0((iVW)-2)^ 

while for n<0, w,N,W > (non-BPS case): 

VI = 4NW (l + ^ + 0{{NW)-^)^ 



= ANW (^1 + J^ + 0{{NW) 



ei = - 
n 

es = 



Variables /13 and /i4 are here introduced in H^^^ in an analogous way as /i2 and h were 
(4.2) and (4.3), meaning that at O*'^ order they give 



in 



h3o = 630 , h^Q = Pi (B.35) 
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C. On contributions from a'^ and higher order terms in the action 

In our calculations we needed contributions coming from the a'^ (six-derivative) and a'^ 
(eight-derivative) sectors of the 6-dimensional heterotic effective action, which still have 
not been obtained in a direct manner. More precisely, we need: (i) £2, (ii) a difference 
between the BPS and the non-BPS results for £2,a'fi'^, and (iii) the same for £3 (for notation 
see section 3). We shall now show that all these quantities vanish, by using the following 
properties: 

(1) Manifest diffeomorphism covariance (once we have isolated the Chcrn-Simons term 
to appear only in C'l, all other Cn are scalars built from the metric, Riemann tensor, 
3-form field H, and the covariant derivatives of them and of dilaton). 

(2) Properties of the near-horizon background (V^S and V ^H^pc^ vanish). 

(3) The 0*''-order solution is locally isomorphic to AdS3 x (implying that all the 
covariant derivatives of the Riemann tensor vanish). 

(4) Evaluated on the 0*^-order solutions we have R^upa = H^^y'^ Htp^/A, and (in the 
vielbein basis) |-ffoi5| = |-f^234|) 

(5) If one defines a L-derivative as an action of an operator L (we specialize here to 
5-dimensional black holes, extension to the 4-dimensional case is straightforward) 

L = ei— - e2— - h2— - S— -T— (CI) 
dei de2 dh2 dS dT^ 

followed by the substitution of the 0*'*-order solution (4.22), it can be shown that the 
L-dcrivative of vielbein basis components of Riemann, 3-form H, and of covariant 
derivatives of Riemann vanishes. 

Let us first consider quantities f„ (excluding £[ which contains the Chern-Simons 
term). Prom (3) and (4) it follows that every monomial which appears in £n is equal to a 
constant times a monomial consisting only of i/-ficlds (more precisely, 2(n + 1) of them). 
From (3), it is easy to see that such monomial is an even function of the field strengths. A 
consequence is that £n do not depend on the signs of charges, and consequently give the 
same result for our BPS and non-BPS solutions. The special case n = 3 then settles (iii). 

Prom (4) it also follows that every monomial is, up to a numerical constant, given by 
|-?^234p^"+^ni - (-!)")> from which it follows that 

En = for n even. (C.2) 

For the special case n = 2 this gives (3.17). 

Now, we establish that for even ti, £n^a^i^ gives the same result for our BPS and non- 
BPS solutions (given in (B.1-B.8) and (B.9-B.16), respectively), i.e. it does not depend 
on the signs of the charges. Notice that this will be the case if the L-derivative, defined 
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above in (5), vanishes when acting on Because of the property (5) we have L{£n) ^ 
L{y/—G S)Cn- Analogously to (C.2) we finally get 

L{£n) = forn even. (C.3) 

Taking the special case n = 2 settles (ii) and concludes our proof. 
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